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SUMMARY 
h cu 
(? co The o b j e c t i v e  i s  t o  improve t h e  accuracy  o f  t h e  a n a l y s i s .  The p rocedure  i s  
I based on a m i n i m i z a t i o n  o f  t h e  t r a c e  of t h e  s t i f f n e s s  m a t r i x .  For a b road  
c l a s s  o f  problems t h i s  m i n i m i z a t i o n  i s  seen t o  be e q u i v a l e n t  t o  m i n i m i z i n g  t h e  
p o t e n t i a l  energy .  The method i s  i l l u s t r a t e d  w i t h  t h e  c l a s s i c a l  t a p e r e d  b a r  
p rob lem examined e a r l i e r  b y  Prager  and by  Masur. I d e n t i c a l  r e s u l t s  a r e  
o b t a i  ned. 
A new and s imp le  method o f  f i n i t e - e l e m e n t  g r i d  improvement i s  p resen ted .  
w 
INTRODUCTION 
I n  a genera l  c o n t e x t ,  t h e  f i n i t e - e l e m e n t  method i s  an approx imate  proce-  
du re  f o r  s o l v i n g  d i f f e r e n t i a l  e q u a t i o n s .  
on  ( 1 )  t h e  number o f  e lements ,  ( 2 )  t h e  c h o i c e  o f  i n t e r p o l a t i o n  f u n c t i o n s ,  and 
( 3 )  t h e  l o c a t i o n  o f  t h e  g r i d  p o i n t s .  The number o f  e lements ,  and hence t h e  
number o f  g r i d  p o i n t s ,  i s  u s u a l l y  r e s t r i c t e d  s i m p l y  b y  computer c a p a b i l i t y  and 
by  p r o c e s s i n g  costs. Also, t h e r e  have been many r e c e n t  advances i n  i m p r o v i n g  
t h e  accuracy  o f  t h e  f i n i t e - e l e m e n t  method by  u s i n g  h i g h e r  o r d e r  i n t e r p o l a t i o n  
p o l y n o m i a l s  and shape f u n c t i o n s  (p-method) and by  e x h a u s t i v e  a n a l y s i s  w i t h  
l a r g e  numbers o f  elements (h-method). Some o f  these  advances a r e  d e s c r i b e d  i n  
t h e  r e f e r e n c e s  c i t e d  h e r e i n .  However, o p t i m a l  g r i d  p o i n t  l o c a t i o n  (r-method) 
i s  f a r  l e s s  advanced. P r a c t i c a l  p rocedures  f o r  t h e  a n a l y s t  s t i l l  need t o  be 
deve loped and r e f i n e d .  
The accuracy  o f  t h e  method depends 
One of t h e  e a r l i e s t  a t t e m p t s  t o  deve lop  a g r i d  o p t i m i z a t i o n  p rocedure  was 
t h a t  o f  Prager  i n  1975 ( r e f .  1 ) .  P r a g e r ' s  work p r o v i d e d  a s t i m u l u s  and a b a s i s  
for l a t e r  g r i d  o p t i m i z a t i o n  r e s e a r c h  as reco rded  i n  r e f e r e n c e s  2 to  19. Note- 
w o r t h y  among these  e f f o r t s  a r e  the works o f  Shepard ( r e f s .  1 1 ,  13, and 1 5 ) ,  
Masur ( r e f .  2 > ,  Turcke ( r e f s .  8 and 91, C a r r o l l  ( r e f .  7 1 ,  NcNiece ( r e f .  41, 
Carey ( r e f .  16>,  D i a z  ( r e f .  121, Melosh ( r e f .  10). Durocher ( r e f .  17 ) ,  and 
t h e i r  c o l l e a g u e s .  
Prager  examined a b a r  w i t h  a l i n e a r l y  v a r y i n g  c r o s s  s e c t i o n  under  t e n s i o n .  
He showed t h a t  t h e  g r i d  p r o d u c i n g  t h e  d e s i r e d  l e a s t  p o t e n t i a l  ene rgy  i s  t h e  one 
where t h e  c r o s s - s e c t i o n  areas a t  t h e  nodes form a geomet r i c  s e r i e s .  I n  t h i s  
c o n f i g u r a t i o n ,  t h e  s t r a i n  energy  i s  d i v i d e d  e q u a l l y  among t h e  e lements .  
Masur ( r e f .  2 )  observes  t h a t  t h i s  l a t t e r  r e s u l t  o f  equal e lement s t r a i n  
ene rg ies  i s  n o t  a genera l  c h a r a c t e r i s t i c  o f  o p t i m a l  meshes b u t  i n s t e a d  i s  a 
r e s u l t  o f  t h e  s imp le  geometry o f  P r a g e r ' s  problem. 
I n  t h i s  paper we p r e s e n t  a f i n i t e - e l e m e n t  g r i d  improvement techn ique  wh ich  
i s  based on  t h e  m i n i m i z a t i o n  o f  t h e  t r a c e  o f  t h e  g l o b a l  s t i f f n e s s  m a t r i x .  We 
show t h a t  t h i s  method leads  t o  i d e n t i c a l  r e s u l t s  t o  those o f  P rager .  I t  has 
t h e  advantage of b e i n g  s i m p l e r  t han  t r a d i t i o n a l  o p t i m i z a t i o n  p rocedures .  
The method p resen ted  h e r e i n  p r o v i d e s  a mesh improvement wh ich  i s  based on 
t h e  geometry o f  t h e  body. A s  such, i t  p r o v i d e s  a s i g n i f i c a n t  improvement ove r  
u n i f o r m  meshes, and i t  produces a good first i t e r a t i o n  for accommodating spe- 
c i a l  l o a d i n g  c o n f i g u r a t i o n s .  
I n  t h e  usua l  f i n i t e - e l e m e n t  p rocedure ,  t he  gove rn ing  equa t ions  a r e  
o b t a i n e d  by m i n i m i z i n g  a f u n c t i o n a l  n by v a r y i n g  the  dependent v a r i a b l e s  o f  
t h e  p h y s i c a l  p rob lem ( r e f .  20). For e l a s t o s t a t i c s  t h i s  i s  e q u i v a l e n t  t o  the  
p r i n c i p l e  o f  minimum p o t e n t i a l  energy  ( r e f .  2 1 ) .  T h i s  leads  t o  t h e  f a m i l i a r  
system o f  l i n e a r  a l g e b r a i c  e q u a t i o n s .  A t tempts  t o  m in im ize  n w i t h  r e s p e c t  
t o  t h e  noda l  c o o r d i n a t e s ,  however, l eads  t o  a system o f  n o n l i n e a r  e q u a t i o n s .  
These e q u a t i o n s  a r e  g e n e r a l l y  e x t r e m e l y  d i f f i c u l t  t o  s o l v e  even for t h e  s i m -  
p l e s t  cases. To a v o i d  t h i s  d i f f i c u l t y  we a r e  p r o p o s i n g  i n s t e a d  t o  examine t h e  
s t i f f n e s s  m a t r i x  t o  o b t a i n  i n f o r m a t i o n  about  an improvement i n  g r i d  p o i n t  l oca -  
e o f  t h e  s t i f f n e s s  
es o f  t h e  s t i f f n e s s  
Our m o t i v a t i o n  i s  t h e  o b s e r v a t i o n  o f  t h e  ma jo r  ro  
x i n  t h e  v a l u e  o f  t h e  p o t e n t i a l  TT. Also, t h e  e n t r  
x a r e  dependent on t h e  g r i d  p o i n t  c o o r d i n a t e s .  
t i o n .  
ma t r  
ma t r  
NOMENCLATURE 
A a rea  
Ak nodal  a rea  
A &  end a r e a  
A, base a rea  
Ak a rea  o f  k t h  e lement  
- 
c a rea  r a t i o  (see eq. ( 7 ) )  
E e l a s t i c  modulus 
{ f }  g l o b a l  force a r r a y  
{ f }  t rans fo rmed  g l o b a l  f o r c e  a r r a y  
f i  e n t r i e s  o f  { f }  
h 
h h 
[ K l  g l o b a l  s t i f f n e s s  m a t r i x  
[ K l  d iagona l  form o f  [ K I  
h 
2 
e n t r i e s  of 1i1  
bar  l e n g t h  
l e n g t h  o f  k th  element 
number o f  elements 
a x i a l  l o a d  
l e n g t h  r a t i o ,  Q i l Q j  
n 
j l  
sum of l e n g t h  r a t i o s ,  C r 
j=l 
t r a c e  o f  [ K I  
t r a n s f o r m a t i o n  m a t r i x  
a x i a l  d i sp lacemen t  
g l o b a l  d i sp lacemen t  a r r a y  
t rans fo rmed  g l o b a l  d i sp lacemen t  a r r a y  
e n t r i e s  o f  { u }  
h 
a x i a l  c o o r d i n a t e  
nodal  c o o r d i n a t e  
element s t i f f n e s s  m a t r i x  
p o t e n t i a l  energy 
d i mens i on 1 e s s ax i a1 coord i na t e  
d imens ion less  nodal  c o o r d i n a t e  
ANALYSIS 
Our o b j e c t i v e  i s  t o  deve lop  a p r a c t i c a l  and e f f i c i e n t  p rocedure  o f  g r i d  
Our t h e s i s  i s  t h a t  for many problems enhancement t e n d i n g  towards o p t i m i z a t i o n .  
t h e  m i n i m i z a t i o n  o f  t h e  t r a c e  o f  t h e  s t i f f n e s s  m a t r i x  l eads  t o  a m i n i m i z a t i o n  
o f  t h e  p o t e n t i a l  energy and, as a consequence, p r o v i d e s  t h e  o p t i m a l  g r i d  con- 
f i g u r a t i o n .  
To s e e  t h i s ,  c o n s i d e r  t h e  g o v e r n i n g  m a t r i x  e q u a t i o n  o f  f i n i t e - e l e m e n t  
a n a l y s i s :  
C K I { U }  = { f}  
where [ K l  i s  t h e  s t i f f n e s s  m a t r i x ,  {u}  t h e  a r r a y  of dependent v a r i a b l e s ,  and 
{ f}  t h e  f o r c e  a r r a y .  We can v iew CKI  as an o p e r a t o r  which maps {u }  i n t o  
{ f } .  I n  t h i s  c o n t e x t ,  s i n c e  [ K I  i s  s y m m e t r i c 1  we can f i n d  an o r t h o g o n a l  
t r a n s f o r m a t i o n  [ T I  wh ich  d i a g o n a l i z e s  [ K l ;  t h a t  i s ,  
n 
[ K I  = [ T I T I K I I T l  ( 2 )  
h n h 
where [ K I  i s  a d i a g o n a l  m a t r i x .  L e t  [ T l { u }  and [ T l { f }  be {u }  and { f } .  
Then t h e  p o t e n t i a l  energy  TT may be expressed as 




where t h e  k i  (i=l, . . . ,  n )  a r e  t h e  d iagona l  e n t r i e s  o f  [ K I .  
n 
Observe i n  e q u a t i o n  (4) t h a t  t h e  l a s t  t e rm - E f i u i  does n o t  e x p l i c i t l y  
i =1 
n n -  
i n v o l v e  t h e  noda l  c o o r d i n a t e s .  There fo re ,  - E f i u i  does n o t  a f f e c t  t h e  
-2 m i n i m i z a t i o n  o f  n w i t h  r e s p e c t  to  t h e  noda l  c o o r d i n a t e s .  Also, s i n c e  t h e  u1 
a r e  p o s i t i v e  and a r e  independent  v a r i a b l e s  i n  t h e  m i n i m i z a t i o n  o f  TT, t h e  m i n i -  
m i z a t i o n  o f  TT w i t h  r e s p e c t  t o  t h e  noda l  c o o r d i n a t e s  o c c u r s  when t h e  sum o f  
t h e  k i  ( t h e  t r a c e  o f  [ K I )  i s  a minimum. S ince  t h e  t r a c e  o f  a m a t r i x  i s  
i n v a r i a n t  under an o r t h o g o n a l  t r a n s f o r m a t i o n ,  m i n i m i z i n g  t h e  t r a c e  o f  [ K I  i s  
e q u i v a l e n t  t o  m i n i m i z i n g  the. t r a c e  o f  C K I .  
i = 1  
h h 
CI 
I n  m i n i m i z i n g  t h e  t r a c e ,  we w i l l  n o t  a d v e r s e l y  a f f e c t  t h e  d iagona l  domi- 
nance o f  CKI  r e q u i r e d  t o  a v o i d  i l l - c o n d i t i o n i n g .  The improved s t i f f n e s s  
m a t r i x  we seek i s  t h e  r e s u l t  o f  r e d i s t r i b u t i o n  o f  t h e  nodes and n o t  o f  an a r b i -  
t r a r y  mathemat ica l  o p e r a t i o n .  
To i l l u s t r a t e  t h e  a p p l i c a t i o n  o f  these concepts ,  c o n s i d e r  t h e  a x i a l l y  
loaded tape red  b a r  shown i n  f i g u r e  1 .  ( T h i s  i s  t h e  same prob lem examined by 
Prager  ( r e f .  1 )  and Masur ( r e f .  2 > . )  The o b j e c t i v e  i s  t o  de te rm ine  a f i n i t e -  
e lement mesh which b e s t  p r e d i c t s  t h e  a x i a l  d i sp lacemen t .  L e t  t h e  ba r  have 
l e n g t h  L and l e t  i t  be d i v i d e d  i n t o  n elements w i t h  n + 1 nodes (numbered 
0 t o  n >  as shown. L e t  t h e  areas  a t  t h e  ends o f  t h e  b a r  be A, and AQ. L e t  
5 be the  nond imens iona l  l e n g t h  parameter d e f i n e d  as 
X s = c  
'The a n a l y s i s  wh ich  fol lows i s  based on t h e  symmetry o f  [ K l .  I f  CKI 
i s  n o t  symmetr ic,  a s i m i l a r  a n a l y s i s  c o u l d  be developed u s i n g  nonor thogona l  
t r a n s f o r m a t i o n s .  
4 
Then t h e  a r e a  a t  any p a r t i c u l a r  5 a l o n g  t h e  b a r  i s  
where c i s  
Hence, t h e  a r e a  a t  t h e  kth node i s  
L e t  t h e  i n d i v i d u a l  e lements  have a un i fo rm-cross  s e c t i o n .  For example, 
(Note  t h a t  t h e  e lements  do  n o t  n e c e s s a r i l y  have t h e  same l e n g t h . )  
l e t  t h e  k t h  e lement  have c r o s s - s e c t i o n  a r e a  Ak and l e n g t h  Qk as i n  f i g -  
- u r e  2 .  
Ak and Qk a r e  
Then 
A + A  




and ( 9 )  
The e lement  s t i f f n e s s  m a t r i x  f o r  t h e  k t h  e lement  i s  ( r e f .  20) 
(10) 
where E i s  t h e  e l a s t i c  modulus.  Then t h e  t r a c e  T o f  t h e  g l o b a l  s t i f f n e s s  
m a t r i x  i s  
T = 2E 1 Ai l + A  
= E 1 5.  1-1 i,
i=l i =1 
( 1 1 )  
The improved node l o c a t i o n  o c c u r s  when t h e  t r a c e  i s  m in im ized  w i t h  r e s p e c t  
t o  t h e  noda l  c o o r d i n a t e s  
o f  T w i t h  r e s p e c t  t o  ck equa l  t o  ze ro ,  we o b t a i n  
<k(k=l , .  . . ,n-1>.2 Hence, by  s e t t i n g  t h e  d e r i v a t i v e  
2Nodes numbers 0 and n a r e  f i x e d  a t  t h e  ends o f  t h e  b a r  and t h u s  n o t  
cons ide red  f o r  o p t i m i z a t i o n .  
5 
(12)  
Us ing  e q u a t i o n  ( 9 )  and s i m p l i f y i n g  we o b t a i n  
*k+l = Ak [(*r - ] + Ak-l  rk+'r + c A O r F )  [(y) + 1 1  ( 1 3 )  
To s i m p l i f y  t h e  a n a l y s i s  i t  i s  c o n v e n i e n t  t o  i n t r o d u c e  t h e  l e n g t h  r a t i o  
parameter r i j  d e f i n e d  as Qi/Qj. Then t h e  r a t i o  Qk+l/Qk may be w r i t t e n  as 
rk+ l  ,1 - Q l  - -  'k+ 1 - 
'k - 'k 'kl 
n n 
j = 1  j=l 
n 
U s i n g  t h i s  n o t a t i o n ,  we can r e w r i t e  where Sn i s  d e f i n e d  as .' r j l *  
e q u a t i o n  ( 1 3 )  as 
J=1 ~ 
Ak+l = Ak 
(14)  
Also, sk may be w r i t t e n  as 
r = -  sk ( 1 7 )  
+ r31 + . . .  21 l + r  - 
j l  Sn 
+ 'k Ql + Q2 + . . .  
L 'n 
'k = 
j = 1  
Then, from e q u a t i o n  (8 ) ,  Ak may be w r i t t e n  as 
Ak = A o [ l  - .(?)I 
S p e c i f i c a l l y ,  A 1  and A2 a r e  
A 1  = A o [ l  - (%)I 
and 




> (19)  
To o b t a i n  t h e  element a r e a  r a t i o s  l e t  k = 1 i n  e q u a t i o n  ( 1 6 ) .  A2 i s  t hen  
A2 = A,(,:,- 1) + Aor:l + cA r r21 + 
0 21 sn 
Then, by  u s i n g  e q u a t i o n s  (19)  t o  e l i m i n a t e  A, and A2 ,  we o b t a i n  
S n ( l  - r21) = c 
From t h e  f i r s t  o f  e q u a t i o n s  (19)  we have 
A1 = Aor21 
or 
A1 5 = '21 
S i m i l a r l y ,  t h e  second of e q u a t i o n s  (19) l eads  t o  
A 2 = A r  2 
0 21 
or 




( 2 1 )  
(22 )  
(23 )  
7 
1 Next, let k = 2 in equation ( 1 6 ) .  By using the same procedure we obtain 
C 1 - r32 - -   (1 - r32 + r21) 
’n 
! But, in view of equation (21) this becomes 
or 
Thus, 
1 1 - r32 = (1 - r21)(1 - r32 + r21) 
r21(r32 - r21) = 0 
‘32 = ‘21 
From equation (18) we have 
A 3  = A o [ I  - c (;)I = Aor21 3 
Therefore, we obtain 
- - - - -  A3 - A2 - A 1  = r21 = r32 
A2 A 1  A. 
Proceeding similarly for k = 3,4,.., we obtain 
- - - -  = r21 = r32 - . . .  = r A 1  n,n-1 - -  - ... - 
An An-l 
An-2 A -  n- 1 
Thus, we have the relations 










Then, from e q u a t i o n s  (18)  and ( 2 1 ) ,  we have 
( 3 3 )  
I Ak = A o [ l  - ( 1  - r21)] k = A o r 2 1  k and then  A = A r  = A a  n o 21 
Then, from e q u a t i o n  ( 7 )  we see t h a t  rZ1 i s  
1 I n  r21 = ( 1  - c )  
F i n a l l y ,  by s u b s t i t u t i n g  i n t o  e q u a t i o n  (17)  we have 
2 k- 1 
+ r 2 1  + r21 + ... 
+ r21 
r21 ) C ( 1  + r21 + r31 + . . .  + rkl) = ( 1  - 
Ql 5, = 
k / n  k 21  1 - ( 1  - c )  ( 3 4 )  
1 - r  
- - 
C C 
T h i s  i s  t h e  r e s u l t  o b t a i n e d  by  Prager  ( r e f .  1 )  i n  h i s  a n a l y s i s  o f  t h e  same 
problem. 
DISCUSSION 
F i r s t ,  observe  t h a t  i n  e q u a t i o n  ( 3 4 )  f o r  a u n i f o r m  t h i c k n e s s  beam c = 0 
and thus  [k i s  undetermined.  T h i s  means t h a t  f o r  a u n i f o r m  t h i c k n e s s  beam 
t h e  noda l  p o s i t i o n s  a r e  a r b i t r a r y ;  t h a t  i s ,  a l l  meshes a r e  e q u a l l y  o p t i m a l  f o r  
a u n i f o r m  t h i c k n e s s  beam. 
Next ,  c o n s i d e r  a g a i n  t h e  e lement  s t i f f n e s s  mat r  
equa t ions  ( 8 )  and ( 3 4 )  t h e  s c a l a r  m u l t i p l i e r  i s  
EAk E(Ak-l + Ak) Aoc 
2L(Sk - E,-,) = 2L - -  - 'k 




S ince  t h i s  i s  a c o n s t a n t  ( i ndependen t  o f  k )  t h e  element s t i f f n e s s  m a t r i x  i s  
t h e  same f o r  each e lement .  T h i s  means t h a t  each element has t h e  same s t r a i n  
energy .  Masur ( r e f .  2 )  has suggested t h a t  t h i s  r e s u l t  i s  due t o  t h e  s imp le  
geometry o f  the  problem. 
Even w i t h  t h i s  s imp le  geometry,  however, t h e  a n a l y s i s  needed t o  de te rm ine  
t h e  o p t i m a l  nodal  p o s i t i o n s  has been e x t r e m e l y  d e t a i l e d .  Wi th  more complex 
geomet r ies  t h e  a n a l y s i s  w i l l  become i n t r a c t a b l e .  A l t e r n a t i v e l y ,  a more conven- 
i e n t  method o f  i m p r o v i n g  t h e  noda l  p o s i t i o n s  i s  t o  examine t h e  t r a c e  o f  t h e  
s t i f f n e s s  m a t r i x  and to  a d j u s t  t h e  noda l  p o s i t i o n s  t o  m i n i m i z e  the t r a c e .  The 
c r i t e r i a  f o r  m i n i m i z i n g  t h e  t r a c e  o f  t h e  s t i f f n e s s  m a t r i x  i s  a c o m p a r a t i v e l y  
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s imp le  procedure - r e a d i l y  amenable t o  t h e  development o f  computer a l g o r i t h m s  
fo r  o p t i m a l  nodal l o c a t i o n s .  
I n  t h e  p receed ing  d i s c u s s i o n ,  we have i g n o r e d  any c o n s i d e r a t i o n  of t h e  
e f f e c t s  of c o n c e n t r a t e d  l oads  or boundary ledge e f f e c t s .  I t  i s  common eng ineer -  
i n g  p r a c t i c e  t o  use a f i n e  (dense) g r i d  i n  h i g h l y  loaded r e g i o n s  and t o  p l a c e  
a g r i d  p o i n t  s p e c i f i c a l l y  a t  t h e  p o i n t  o f  a p p l i c a t i o n  o f  a c o n c e n t r a t e d  l o a d .  
The t r a c e  m i n i m i z a t i o n  suggested he re  i s  i n t e n d e d  t o  a i d  i n  t h e  d i s c r e t i z a t i o n  
process a t  l o c a t i o n s  removed from c o n c e n t r a t e d  l o a d s .  Our j u s t i f i c a t i o n  i s  
based on S a i n t - V e n a n t ' s  p r i n c i p l e  t h a t  l o c a l i z e d  e f f e c t s  d i sappear  a t  s h o r t  
d i s t a n c e s .  
A p r i n c i p a l  q u e s t i o n  w i t h  t h e  minimum t r a c e  method i s :  What i s  t h e  range 
o f  a p p l i c a b i l i t y ?  
decreases I n  p o t e n t i a l  energy from t h a t  o f  a u n i f o r m  mesh f o r  s t r u c  u r a l  and 
h e a t - t r a n s f e r  problems.  The range o f  a p p l i c a b i l i t y  i s  c u r r e n t l y  be ng 
e x p l o r e d .  Numerical  a l g o r i t h m s  u s i n g  t h i s  procedure a r e  b e i n g  deve oped. 
F i n a l l y ,  t he  i n f l u e n c e  o f  va lues  of second and h i g h e r  i n v a r i a n t s  o f  t h e  s t i f f -  
ness m a t r i x  needs t o  be e x p l o r e d .  
The a u t h o r s  have found  t h e  method t o  l e a d  t o  s i g n i f i c a n t  
NUMERICAL EXAMPLE 
To i l l u s t r a t e  t h e  v a l u e  o f  o p t i m i z i n g  t h e  mesh, c o n s i d e r  an a x i a l l y  loaded 
ba r  which t a p e r s  t o  1 / 3  t h e  base a rea  as i n  f i g u r e  3 .  S p e c i f i c a l l y ,  l e t  P ,  
A,, c ,  E,  and L have t h e  f o l l o w i n g  v a l u e s :  
. 
1 P = 2 0 N  
2 A = 0.0015 m 
0 
2 c = j  
E = 2 . 0 7 ~ 1 0 ~ ~  N/m2
L = 4 m  
The o b j e c t i v e  i s  t o  f i n d  t h e  a x i a l  d i sp lacemen t .  
J 
(36)  
From e lemen ta ry  mechanics t h e  a x i a l  d i sp lacemen t  u a t  any l o c a t i o n  x 
i s  
To compare t h e  d i sp lacemen t  r e s u l t s  o f  f i n i t e - e l e m e n t  models w i t h  equa- 
t i o n  (371, f o u r  models o f  t h e  b a r ,  each h a v i n g  f o u r  e lements,  w e r e  examined. 
One o f  t h e  models had a u n i f o r m  nodal  d i s t r i b u t i o n .  Another had t h e  " o p t i m a l "  
mesh as developed i n  e q u a t i o n  ( 3 4 ) .  The r e m a i n i n g  two models had a r b i t a r i l y  
s e l e c t e d  nodal  d i s t r i b u t i o n s .  The nodal  d isp lacements  were  e v a l u a t e d  u s i n g  t h e  
f o u r  models and compared w i t h  t h e  d i sp lacemen t  c a l c u l a t e d  by e q u a t i o n  ( 3 7 ) .  
Table I shows t h e  r e s u l t s .  Table I 1  p r e s e n t s  an error a n a l y s i s  and a l s o  an 
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L2-norm o f  t h e  e r r o r .  A s  expec ted ,  t h e  optimum mesh produces t h e  l e a s t  L2 
e r r o r .  
CONCLUSIONS 
A new method o f  f i n i t e - e l e m e n t  g r i d  improvement based on  t h e  p r i n c i p l e  o f  
m i n i m i z a t i o n  of t h e  t r a c e  o f  t h e  s t i f f n e s s  m a t r i x  was deve loped.  This proce-  
dure  i s  e q u i v a l e n t  t o  m i n i m i z i n g  t h e  p o t e n t i a l  energy  o f  t h e  model by  d i v i d i n g  
t h e  s t r a i n  energy e q u a l l y  among t h e  e lements .  The f o l l o w i n g  c o n c l u s i o n s  a r e  
made : 
1 .  The a n a l y s i s  and t h e  numer i ca l  r e s u l t s  demonst ra te  t h e  p o t e n t i a l  use- 
f u l n e s s  o f  the  t r a c e  m i n i m i z a t i o n  mesh improvement method. 
2. M i n i m i z a t i o n  o f  t h e  t r a c e  of t h e  s t i f f n e s s  m a t r i x  i s  a r e l a t i v e l y  
s imp le  mesh o p t i m i z a t i o n  p rocedure .  I t  i s  r e a d i l y  adap tab le  to  a l g o r i t h m  
development. 
3. Trace m i n i m i z a t i o n  can be used i n  comb ina t ion  w i t h  o t h e r  g r i d  o p t i m i z a -  
t i o n  techn iques .  Indeed,  i t  can p r o v i d e  a s t a r t i n g  mesh for i t e r a t i o n  tech-  
n iques ,  u s e f u l  f o r  s p e c i a l i z e d  l o a d i n g .  
4. The p r i n c i p a l  b e n e f i t  o f  t h e  t r a c e  m i n i m i z a t i o n  method i s  accu racy  o f  
a n a l y s i s  as opposed t o  e f f i c i e n c y  o f  a n a l y s i s .  
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TABLE I. - COMPARISON OF AXIAL DISPLACEMENTS FOR THE BAR OF FIGURE 3 CALCULATED 
USING VARIOUS MODELS 
A x i  a1 Exact  d isplacement  
l o c a t i o n ,  ( e q .  (3711, 
Displacements  computed u s i n g  v a r i o u s  models,  
10-9 m 
X ,  
m 
10-9 rn 
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I ,- kTH ELEMENT 
FIGURE 1. - LINEAR TAPERED BAR. 
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FIGURE 2. - kTH ELEMENT. 
FIGURE 3. - EXAMPLE BAR AND LOADING. 
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